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Relating U(l) monopole configurations to SU(2) saddle-point 
configurations 
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We have studied field configurations of the 3-dimensional Georgi-Glashow model which interpolate between the 
U(l) and the SU(2) limits. In the intermediate region, these configurations contain 't-Hooft-Polyakov monopoles. 
We use cooling and extremization to find these configurations and investigate their evolution as we adiabatically 
move towards the £7(1) and the SU(2) limits. We also evolve an SU(2) saddle point solution towards the £7(1) 
limit to see the relation between the unstable solutions in the SU(2) theory and the stable ones in the £7(1) theory. 



1. Introduction 

This note is an update in our ongoing investiga- 
tion of the role of semiclassical field configurations 
in the non-perturbative physics of 3-dimensional 
non-Abelian gauge theories. Previously, cooling 
[1,2] has been widely used to investigate the un- 
derlying long-range structure of wildly fluctuating 
gauge fields. Although cooling effectively brings 
configurations to relatively smooth ones, we can 
apply only moderate cooling to pure SU (2)3 con- 
figurations because excessive cooling will eventu- 
ally bring a configuration to vacuum (there are 
no nontrivial stable solutions of the equations of 
motion in SU(2) 3 ). 

In contrast, extremization (deterministic re- 
duction of S [3,4]) will bring configurations to the 
nearest, possibly unstable, solution of the equa- 
tions of motion. We have expanded our earlier 
£[7(2)3 extremization algorithm to include the 
Georgi-Glashow model. 

We use a discretized version of the Georgi- 
Glashow Lagrangian with the radially frozen ap- 
proximation (<p n ■ 4> n = 1, 4> n is a real 3- vector). 

S(J3 g ,0 h ) = /3 g S g + /3 h S h = ±0 g tr(Up) 

p 

nfx 
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This model describes a £7(1) theory as (3h — > 00 
and the pure SU(2) theory as (3h — > 0. In the 
intermediate region, we have nontrivial solutions 
which are t'Hooft-Polyakov monopoles. The con- 
densation of these monopole-antimonopole (M- 
M) pairs is known to be responsible for confine- 
ment in this phase [5]. Studies showed no qual- 
itative change in physical quantities such as the 
Creutz ratios when moving between the £7(1) and 
the SU(2) limits [6]. 

In last year's proceedings [3], we presented a 
class of pure SU (2) saddle point solutions which 
we will refer to as Z(2) saddles. These saddles 
were made by extremizing M-M pairs in an ar- 
bitrary £7(1) subgroup. We also have stable £7(1) 
M-M solutions available. We use these two so- 
lutions - a £7(1) M-M pair and Z(2) saddle in 
the SU(2) limit - as starting configurations and 
evolve the solutions towards the other limits keep- 
ing S as small as possible. Along the way, we 
measured Creutz ratios and the eigenvalues of 
harmonic fluctuations around the final configu- 
rations [3]. 

2. Evolution of configurations 

We started by cooling a M-M pair on a 16 3 lat- 
tice separated by 6 lattice spacings at f3 g = 3.0, 
(3h = 3.0 to completion. This was evolved, us- 
ing the parameter set obtained by Duncan and 
Mawhinney [6], towards the SU(2) limit using 
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cooling to allow their non-Abelian cores to exceed 
one lattice spacing. (If we use extremization in- 
stead, the configuration will stay in the U(l) sub- 
group.) At fi g = 6.5, (ih = 1-0, the configuration 
becomes unstable under cooling. We then used 
this as the starting configuration and extremized 
it, changing parameters to evolve the configura- 
tion both to the U(l) and the SU{2) limits. 

As you can see in Table 1, S is quite small in the 
U(l) and the SU(2) limits, but remains relatively 
high in the region 0.0 < (ih < 1.25. As we ap- 
proach the U (1) limit, the algorithm quickly finds 
a pure U(l) solution with only positive eigen- 
values. Table 3 lists eigenvalues from the Lanc- 
zos algorithm, where zero eigenvalues associated 
with gauge transformations are not shown. In the 
SU(2) limit, we observed S g decreasing to zero. 
The action in the Higgs sector (Sh) increases but 
eventually becomes irrelevant as ^ 0. 

Figure 1 shows the behavior of the Creutz ra- 
tios. We can see the Creutz ratios rising at small 
distances and falling at large distances because 
there is only one M-M pair. If we have monopole 
condensation, we will see a plateau at large dis- 
tances. In the SU(2) limit, the Creutz ratio re- 
tains its shape but the amplitude decreases to 
zero. 
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Table 1 

The action and Hessian (S) for a t'Hooft- 
Polyakov M-M cooled to completion at fi g = 6.5, 
/3 h = 1.0 and then evolved to the U(l) and SU{2) 
limits. 
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Figure 1. Creutz ratios for the configurations 
evolved from 't-Hooft-Polyakov M-M pair. 



Starting from a single Z(2) saddle in the un- 
broken phase on a 12 3 lattice, we gauge trans- 
formed to maximal Abelian gauge and added a 
Higgs field pointing in the 03 direction. This min- 
imizes the possible disturbance introduced by the 
Higgs field. We then moved adiabatically towards 
the U(l) limit. 

In the U(l) limit, our Z(2) solutions become 
pure U(l). But, contrary to our expectation, this 
U(l) solution was not a stable one as you can see 
from the negative eigenvalues in Table 3. Fig- 
ure 2 shows the behavior of the Creutz ratios. 
Near the SU(2) limit, the Creutz ratios rise at 
large distances, a characteristic shared by extrem- 
ized Monte Carlo lattices [4]. As we approach 
the U(l) limit, the Creutz ratio curve changes its 
shape and becomes similar to that of a monopole- 
antimonopole pair. We should point out that this 
solution contains a £7(1) M-M pair, but since 
it has unstable modes, it differs from the simple 
U(l) M-M pair discussed in Table 1. 

3. Discussion 

There were a few surprises along our course of 
investigation. Firstly, in the intermediate region, 
we could not make S arbitrarily small. At this 
point, we are not sure if this comes from some 
fundamental aspects of the model or a drastic de- 
crease in our algorithm's efficiency. (We have in- 
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Figure 2. Creutz ratios for configurations gener- 
ated from Z{2) saddle. 



vestigated whether this pathology is coming from 
our particular choice of the discretization of La- 
grangian. We have relaxed the radially frozen 
approximation and added </> 4 and </> 6 terms and 
the result remains the same.) 

Secondly, the t'Hooft-Polyakov M-M pair so- 
lution we created seems to evolve to the vacuum 
when we approached the pure SU(2) limit. We 
need more configurations - possibly made from 
Monte Carlo lattices - to generalize this result. 
Also, we need a better understanding of the dif- 
ference between the simple M-M pair in the £7(1) 
limit and the saddle point solution we got from 



Table 3 

The smallest eigenvalues for harmonic fluctua- 
tions around our saddle point solutions from the 
Lanczos algorithm [7]. We have not listed the zero 
eigenvalues associated with gauge invariance. 



our Z(2) saddle. 

We are planning to generate ensembles of ex- 
tremized lattices (both U(l) and SU(2)) and 
evolve them to the other limit to investigate the 
behavior of the string tension and unstable modes 
further. We are also pursuing finding saddle point 
solutions in the intermediate region. 
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